We continue our study of finite BRST-antiBRST transformations for general gauge theories in Lagrangian A formulation with BRST symmetry breaking terms is developed. It is argued that the gauge independence of the above generating functionals is fulfilled in the BRST and BRST-antiBRST settings. These concepts are applied to the average effective action in Yang-Mills theories within the functional renormalization group approach.
Introduction
In our recent works [1, 2, 3] , we have proposed an extension of BRST-antiBRST transformations to the case of finite (global and field-dependent) parameters for Yang-Mills and general gauge theories within the BRST-antiBRST Lagrangian [4, 5, 6] and generalized Hamiltonian [7, 8] quantization schemes; see also [9] . The notion of "finiteness" employs the inclusion into finite transformations of a new term, being quadratic in the parameters µ a . First of all, this makes it possible to realize the complete BRST-antiBRST invariance of the integrand in the vacuum functional. Second, the functionally-dependent parameters λ a = s a Λ, induced by a Bosonic functional Λ, provide an explicit correspondence (due to the compensation equation for the corresponding Jacobian) between a choice of Λ and a transition from the partition function of a theory in a certain gauge, determined by a Bosonic gauge functional F 0 , to the same theory in a different gauge, given by another gauge Boson F . This becomes a key instrument of a BRST-antiBRST approach that allows one to determine the Gribov horizon functional [10] -which is initially given by the Landau gauge in the Gribov-Zwanziger theory [11] -by using any other gauge, including the R ξ -gauges, eliminating residual gauge invariance in the deep IR region. In this respect, it should be noted that we do not consider here, and have not considered earlier in [1, 2, 3] , the case of BRST [12, 13] and antiBRST transformations with one and the same anticommuting Grassmann parameter µ = δΛ, as suggested in the first paper [14] devoted to finite BRST transformations (see Eqs. (2.3a), (2.3b) therein) in the infinitesimal and finite forms for the global and field-dependent cases in Yang-Mills theories. In fact, such considerations are in conflict with the ghost number distribution used in [1, 4, 5] for field variables and also contradict to the standard definition of BRST-antiBRST symmetry transformations [15, 16, 17] , which implies the presence in BRST transformed fields of a Grassmann-odd parameter µ and an independent Grassmann-odd parameter for antiBRST transformed fields,μ, with the ghost number opposite to that of µ.
1 Second, our consideration is based on special global two-parametric supersymmetries, realized on equal footing in [4, 5, 6, 7, 8] . At the same time, finite field-dependent BRST and antiBRST transformations in Yang-Mills theories and reducible gauge theories with Abelian gauge groups have been recently examined in [18, 19] using a different scheme at different stages of quantization, whereas the so-called finite "mixed BRST-antiBRST transformations" -by the terminology of [1, 2, 3, 4, 5, 6, 7, 8] for BRST-antiBRST transformations; see (3.7) in [19] -do not contain the polynomial term Θ 1 Θ 2 = 0, thus affecting the "finiteness" of such finite BRST-antiBRST transformations. In fact, this eliminates the capability of such finite BRST-antiBRST transformations to provide symmetry transformations such that would relate the partition function of a gauge theory in one gauge to the same theory in another gauge within perturbation theory. Instead, by making a change of variables related to such fielddependent transformations in the vacuum functional (even in Abelian gauge theories), one cannot preserve the quantum action of a given theory and to obtain this theory in another gauge, thus making impossible the gauge independence of the vacuum functional and of the physical S-matrix for a finite change of the gauge condition.
2
For completeness, note that finite field-dependent BRST transformations for general gauge theories in the BV quantization scheme [28] have been examined in [27] , and earlier in [26] . A construction of finite field-dependent BRST-antiBRST transformations in the Sp(2)-covariant generalized Hamiltonian formalism [7, 8] has been recently developed [2] for arbitrary dynamical systems subject to first-class constraints, along with an explicit construction of the parameters λ a inducing a change of the gauge for Yang-Mills theories in the class of R ξ -like gauges. In the case of BRST-BFV symmetry [22] , a study of finite field-dependent BRST-BFV transformations in the generalized Hamiltonian formalism [23, 24] has been presented in [25] . In all of these papers, the crucial point has been the socalled compensation equation, first suggested for finite BRST transformations in the Yang-Mills theory [29] within the Faddeev-Popov quantization rules [21] , which establishes a one-to-one correspondence of field-dependent parameter(s) of BRST(-antiBRST) transformations with a finite change of the gauge condition.
In the discussion of [3] , namely, see Eqs. (6.2), (6.3) therein, we have announced an explicit Jacobian in the partition function Z F which corresponds to a change of variables with field-dependent (and functionally-dependent) parameters λ a of finite BRST-antiBRST transformations, on the basis of which we solve the compensation equation in order to find λ a = λ a (∆F ). This provides the gauge independence of the vacuum functional, Z F = Z F +∆F , and allows one to obtain the Ward identities and study the problem of gauge dependence for the generating functional of Green's functions; see Eqs. (6.5)-(6.10) in [3] . This concept was used in [3] to relate (on the basis of field-dependent BRST-antiBRST transformations) quantum BRST-antiBRST invariant actions of the Freedman-Townsend model (of 1 According to the authors of [14] , however, Eqs. (2.3a), (2.3b) apply to the general case, so that the same parameter δΛ has to be understood differently in each of these formulae. 2 Calculations of Jacobians corresponding to BRST-antiBRST transformations linear in finite field-dependent parameters for Yang-Mills and more general gauge theories with an open gauge algebra, as well as transformations with polynomial, albeit functionally-independent, parameters λa, is an essential feature of our future research [20] .
an antisymmetric non-Abelian tensor field with a reducible gauge symmetry) in two different gauges determined by a gauge Boson quadratic in the fields.
On the other hand, some problems examined in [1] for Yang-Mills theories have remained unsolved. In addition, the topical problem of BRST-antiBRST symmetry breaking in the Sp(2)-covariant Lagrangian quantization on the basis of finite field-dependent BRST-antiBRST transformations, as well as the issue of BRST symmetry breaking in the BV quantization, initiated in [26, 30, 31] on the basis of finite BRST-BV transformations [27] , have not been considered.
Based on by these reasons, we intend to address the following problems related to gauge theories in Lagrangian formalism:
1. calculation of the Jacobian for a change of variables in the partition function related to finite field-dependent BRST-antiBRST transformations being polynomial in powers of the Sp(2)-doublet of Grassmann-odd (and functionally-dependent) parameters λ a = s a Λ, induced by a finite Grassmann-even functional Λ(φ, π, λ) and by the Grassmann-odd generators s a of BRST-antiBRST transformations; 2. derivation of the Ward identities and consideration of gauge dependence on the basis of the compensation equation for an unknown functional Λ(φ, π, λ) generating the Sp(2)-doublet λ a , in order to establish a relation of the partition function Z F (with the quantum action S F in a certain gauge determined by a gauge Boson F ) to another partition function Z F +∆F (with the quantum action S F +∆F in a different gauge F + ∆F );
3. application of these considerations to obtain a new form of the Ward identities and investigation of gauge dependence in gauge theories with a closed algebra of rank 1, including Yang-Mills theories;
4. introduction of the concept of BRST-antiBRST symmetry breaking in the Sp(2)-covariant Lagrangian quantization, derivation of the Ward identities and the study of gauge dependence on the basis of finite field-dependent BRST-antiBRST transformations;
5. consideration of a new form (as compared to [30, 31] ) of BRST symmetry breaking in the BV quantization, derivation of the Ward identities and the study of gauge dependence on the basis of finite field-dependent BRST-BV transformations;
6. application of BRST-antiBRST symmetry breaking concept to the average effective action in Yang-Mills theories within the functional renormalization group approach.
The work is organized as follows. In Section 2, we bring to mind the general setup of finite BRST-antiBRST Lagrangian transformations and prove our conjecture [3] as to the form of the Jacobian that corresponds to a change of variables with functionally-dependent parameters, λ a = s a Λ. In Section 3, we examine the compensation equation, derive a new form of the Ward identities depending on the functionals λ a , and investigate the problem of gauge dependence, including the case of Yang-Mills theories. We also obtain the Ward identities using the field-dependent BRST-antiBRST transformations and study the gauge dependence of the generating functionals of Green's functions for general gauge theories in Section 3.1 and for Yang-Mills theories in Section 3.2. In Section 4, we introduce the notion of BRST-antiBRST symmetry breaking in the Sp(2)-covariant Lagrangian quantization, derive the Ward identities and study gauge dependence on the basis of finite field-dependent BRST-antiBRST transformations. In Appendix A, we reconsider the concept of BRST symmetry breaking within the BV quantization scheme, first developed in [30, 31] .
In Appendix B, we introduce, for the first time in the BRST-antiBRST Lagrangian quantization, an average effective action and examine it in a way consistent with the gauge independence of the conventional S-matrix in YangMills theories using different gauges. We employ the notation of our previous works [1, 3] . Unless otherwise specified by an arrow, derivatives with respect to the fields are taken from the right, and those with respect to the corresponding antifields are taken from the left. The raising and lowering of Sp (2) 2 Finite Field-Dependent BRST-antiBRST Transformation and its Jacobian
In the Discussion of our recent work [1] , namely, in Eqs. (6.4), (6.5), we have announced the form of finite BRSTantiBRST transformations ∆Γ p for a general gauge theory in Lagrangian formalism and subsequently proved [3] for constant finite anticommuting parameters λ a that it actually leaves the integrand I (F ) Γ in the partition function
invariant to all orders in powers of λ a . Namely, the finite BRST-antiBRST transformations [4, 5] , with the following distribution of Grassmann parity and ghost number:
In terms of the components, the transformations (2.1) are given by (S ,A ≡ δS/δφ A )
The operators ← − s a in (2.1) are the generators of (infinitesimal λ a ≡ µ a ) BRST-antiBRST transformations [4] for the integrand, I
(F )
which may be regarded as integrability conditions for the validity of I (F )
to all orders in the parameters λ a , with the restriction ← − U a of the generators ← − s a to the subspace (φ A , π Ab , λ A ) being anticommuting and nilpotent:
3 As shown in [1] , the validity of the algebra of BRST-antiBRST transformations for its generators ← − s a← − s b + ← − s b← − s a = 0, realized in an appropriate space of variables in Lagrangian [4] and generalized Hamiltonian formalism [8] allows one to restore the finite group form This makes it possible to present the generating functional Z F (J) of Green's functions in [3, 4] , depending on external sources J A , with ε(J A ) = ε A , gh(J A ) = −gh(φ A ), as the path integral
Here, is the Planck constant; the configuration space φ A , containing the classical fields A i and the Sp(2)-symmetric ghost-antighost and Nakanishi-Lautrup fields, depends on the irreducible [4] or reducible [5] character of a given gauge theory, whereas the auxiliary fields (π Aa , λ A ) are required in order to introduce the gauge by using a gaugefixing Bosonic functional F (φ) with a vanishing ghost number. In its turn, the Bosonic functional S(φ, φ * ,φ) with a vanishing ghost number is a solution of the generating equations
with a boundary condition for vanishing antifields φ * Aa ,φ A given by the classical action S 0 (A). In (2.7), the extended antibracket (G, H) a for arbitrary functionals G, H and the operators ∆ a , V a are given by
The invariance [3] of the integrand I
in (2.6) with vanishing sources J A = 0 under the global finite BRST-antiBRST transformations (2.1) can be established by using the generating equations (2.7), while taking into account the nilpotency
) and using the explicit change [3] 
under the transformations (2.1) of an arbitrary functional G (Γ) expandable as a power series in Γ p ,
with allowance for the explicit form [3] of the Jacobian Sdet (
corresponding to the transformation of the integration measure dΓ with respect to the change of variables Γ →Γ = Γ + ∆ λ Γ, namely,
In [3] , we have announced that the Jacobian exp (ℑ) and the related integration measure dΓ corresponding to a finite change of variables Γ →Γ with the choice of field-dependent parameters λ a = s a Λ for Λ = Λ (φ, π, λ), inspired by the infinitesimal field-dependent BRST-antiBRST transformations of [1, 4] , should take the form 14) where Λ (φ, π, λ) is a certain Bosonic potential with a vanishing ghost number. Therefore, in order to prove the above statement (2.13), (2.14), let us examine the general case of a finite BRST-antiBRST transformation (2.1) parameterized by λ a (Γ) and consider the even matrix M in (2.12) with the elements 
Let us now write identically: 19) we arrive at 20) where (2.18) 
Therefore,
Taking account of the relation between the matrices V 1 and W in (2.15), established for arbitrary λ a (Γ), we now proceed to the case of field-dependent parameters λ a = Λ ← − s a in (2.1), determined by a Bosonic potential Λ (φ, π, λ), which implies λ a = Λ ← − U a , in view of (2.5). To do so, using the property Str (AB) = Str (BA) of arbitrary even matrices A, B and the fact that the occurrence of W ∼ λ 2 in Str (M n ) more than once yields zero, λ 4 ≡ 0, we have
Furthermore, 
Indeed, due to the contraction property 
since, taking account of the restricted dependence of λ a (φ, π, λ) on Γ p , the nilpotency (2.5) of the operators ← − U a , being the restriction of ← − s a to the subspace (φ A , π Aa , λ A ), and using the definitions (2.17), we have
so that W drops out of Str (M n ), n > 1, and enters the Jacobian only as Str (W ). Next, as we examine the contribution
, we notice that an occurrence of V ∼ λ a more then twice yields zero, λ a λ b λ c ≡ 0. Direct calculations for n = 2, 3 lead to
Using considerations identical with those presented in Appendix B.2 of [1], we can prove by induction, taking account of the fact V ∼ λ a and the contraction property
, that for any n ≥ 4 we have
where the coefficients K n are given by
According to the previous considerations,
we have
First of all, the calculation of the Jacobian is based on the previously established relation (2.22) between the matrices V 1 , W , and therefore we will take account of the related combination
Besides, recalling that λ a = Λ ← − U a , we can deduce the additional property 36) where the quantity f is given by
Indeed,
As a consequence,
Indeed, due to the relations (2.17), (2.37) and their consequences (
with account taken of the notation
which proves (2.39). In a similar way, using (2.42), (2.43) and the property of nilpotency λ a λ b λ c = 0, it is straightforward to verify the remaining properties (2.40), (2.41) of the matrices U , V . As a consequence of (2.36) and (2.39)-(2.41), we have
We further notice that Str (V 1 V 2 ) ≡ 0. Indeed, in view of the definitions (2.17) and the nilpotency property
Therefore, ℑ in the expression (2.12) for the Jacobian exp (ℑ) has the general structure
Let us examine A (f, V 1 , W ). Namely, in view of (2.22) and Str (U n ) = −2f n , we have
Let us examine the explicit structure of the series related to b 1 (f ): the quantity Str (V 2 ) derives from Str U n−1 V for n ≥ 1 in (2.45), and is coupled with the combinatorial coefficient C 1 n . The part of ℑ containing Str (V 2 ) is given by
Let us examine the explicit structure of the series related to b 2 (f ): the quantity Str 2 (V 2 ) derives from Str U n−2 V 2 for n ≥ 2 in (2.45), coupled with the combinatorial coefficients C 2 n for n = 2, 3 and C 2 n − K n for n > 3, and also derives from Str U n−3 V U V for n > 3 in (2.45), coupled with the combinatorial coefficients K n . The part of ℑ containing Str 2 (V 2 ) reads
Let us examine the explicit structure of the series related to c (f ): the quantity Str (V 1 V 2 ) derives from Str U n−2 V 2 for n ≥ 2 in (2.45), and is coupled with the combinatorial coefficients C 2 n , for n = 2, 3, and
By virtue of (2.32), one can show [1] that the series
given by (2.53), (2.55), (2.56), vanish identically:
From the vanishing of all the coefficients
and therefore the Jacobian exp (ℑ) is finally given by
which is identical with (2.13) and therefore proves (2.14).
Ward Identities and Gauge Dependence Problem
In this section, we touch upon the consequences (Subsection 3.1) implied by a solution of the compensation equation [3] for an unknown functional Λ(φ, π, λ) which determines a field-dependent BRST-antiBRST transformation that amounts to a precise change of the gauge-fixing functional for an arbitrary gauge theory. The modified Ward identities and gauge dependence for Yang-Mills theories and, more generally, for gauge theories with a closed algebra of rank 1 are examined in Subsection 3.2.
General Gauge Theory
Let us bring to mind the results of [3] , based on the representation (2.14) for the Jacobian established in Section 2 for the change of variables (2.1), given by a field-dependent BRST-antiBRST transformation, Γ →Γ = Γ + ∆ λ Γ. First of all, making in Z F a change of variables Γ →Γ, with λ a = s a Λ and Λ = Λ(φ, π, λ), while taking account of the Jacobian (2.14), the change of the action S F according to (2.9) , and also using the invariance condition (2.18), related to the generating equations (2.7), and its consequence resulting from applying the operator ← − s a , with allowance made for the BRST-antiBRST invariance of the term F ← − U 2 , we arrive at
The coincidence of the vacuum functionals Z F and Z F +∆F , evaluated for the respective Bosonic functionals F and F + ∆F , takes place in case there holds a compensation equation 4 for an unknown Bosonic functional Λ = Λ(φ, π, λ):
where account has been taken of the relation ← − s a = ← − U a , which takes place for the operators ← − s a restricted to the
3)
The solution of this equation for an unknown functional Λ (φ, π, λ), which determines λ a (φ, π, λ) according to λ a = Λ ← − U a , with accuracy up to BRST-antiBRST exact terms (s a being restricted to φ, π a , λ), is given by 4) and therefore the corresponding field-dependent parameters have the form
whose approximation linear in ∆F is given by
Consequently, for any change ∆F of the gauge condition F → F + ∆F , we can construct a unique field-dependent BRST-antiBRST transformation with functionally-dependent parameters (3.5) that allows one to preserve the form of the partition function (3.1) for the same gauge theory. On the other hand, if we consider the compensation equation (3.2) for an unknown gauge variation ∆F with a given Λ (φ, π, λ), we can present it in the form
whose solution, with accuracy up to ← − U a -exact terms, is given by
Consequently, for any change of variables in the partition function Z F given by finite field-dependent BRST-antiBRST transformations with the parameters λ a = Λ ← − U a , we obtain the same partition function Z F +∆F , however, evaluated in a gauge determined by the Bosonic functional F + ∆F , in accordance with (3.8).
Making in (2.6) a field-dependent BRST-antiBRST transformation (2.1) and using the relations (2.14) and (3.4), we obtain a modified Ward (Slavnov-Taylor ) identity:
Here, the symbol " O F,J " for a quantity O = O(Γ) stands for a source-dependent average expectation value corresponding to a gauge-fixing F (φ):
Owing to the presence of Λ(Γ), which implies λ a (Λ), the modified Ward identity depends on a choice of the gauge Boson F (φ) for non-vanishing J A , according to (3.4), (3.5), and therefore the corresponding Ward identities for Green's functions, obtained by differentiating (3.9) with respect to the sources, contain the functionals λ a (Λ) and their derivatives as weight functionals. By virtue of (3.9) for constant λ a , the usual Ward identities follow from the first order in λ a , and a new Ward identity [3] from the second order in λ a :
In conclusion, taking account of (3.5), we find that (3.9) implies a relation which describes the gauge dependence of Z F (J) for a finite change of the gauge, F → F + ∆F :
Yang-Mills Theory
Let us apply the modified Ward identities (3.9) and the representation (3.12) for gauge dependence to the generating functional Z F (J) of irreducible gauge theories of rank 1 with a closed gauge algebra of the generators of gauge transformations, R i α (A), ε(R i α ) = ε i + ε α , including the case of Yang-Mills theories. The corresponding configuration space φ A = A i , B α , C αa contains the classical fields, the Nakanishi-Lautrup fields, and the ghost-antighost fields [4] .
First of all, in accordance with [1] , the generating functional of Green's functions Z F (J) and the corresponding quantum action S F (φ) are readily obtained from (2.6), with S being a solution of (2.7), by integrating over (φ * a ,φ, π a , λ):
where 17) so that the corresponding Jacobian Sdet
The conditions X 
The first Jacobian (3.18), corresponding to fielddependent (and functionally-dependent) parameters λ a (φ) = (Λ ← − s a )(φ), is identical with that of [1] .
As we apply the procedure used to obtain (3.9) to gauge theories with a closed algebra of rank 1, we arrive at a modified Ward identity: 20) where the symbol " O F,J " for a quantity O = O(φ) is determined as in (3.10), however, for Z F (J) in (3.13). The identity (3.20) has the same interpretation as (3.9): for constant λ a we obtain from (3.20) an Sp(2)-doublet of the usual Ward identities at the first order in λ a , and a derivative identity at the second order in λ a :
By virtue of the representation (3.5) for λ a (φ|∆F ), applied to gauge theories in question, the Ward identity (3.20) implies a relation which describes the gauge dependence of Z F (J) for a finite change of the gauge F → F + ∆F : 
BRST-antiBRST Symmetry Breaking in Gauge Theories
In this section, we introduce the concept of BRST-antiBRST symmetry breaking in gauge theories, inspired by our research [30] within the BV quantization scheme and partially repeating the study of [26] in which the problem of inconsistency of BRST symmetry breaking introduction claimed in [30] was resolved. To this end, let us consider a Bosonic functional M = M (φ, φ * ,φ) having a vanishing ghost number and not necessarily being BRST-antiBRST invariant. This functional may be added to the action S F in (3.14), or introduced in a multiplicative way into the partition function, m = exp (M ), in order to improve the properties of the path integral, as has been done within the functional renormalization group approach [26, 33, 34, 35, 36] , by means of the average affective action for the purpose of extraction of residual Gribov copies [10, 11] ; see also [38, 39, 40] . Let us impose the condition that the corresponding path integral be well-defined and determine the generating functional of Green's functions Z M,F (J) with broken BRST-antiBRST symmetry as follows:
Here, we have not imposed
to the so-called soft BRST symmetry equation [30, 31] for gauge theories in the BV formalism. Another requirement for M is the following inequality, in terms of the operators ← − s a in (2.1), with account taken of the representation (2.9)
for a finite BRST-antiBRST variation of an arbitrary functional:
We shall refer to a gauge theory as having a broken BRST-antiBRST symmetry in the Sp(2)-covariant Lagrangian quantization [4, 5] if the total action of the theory, S tot = S F + M , determines the partition function Z M,F (0) in (4.1) and the broken BRST-antiBRST symmetry condition (4.2) for M is fulfilled. It is well known that the introduction of a BRST-antiBRST non-invariant term to the quantum action may lead to the appearance of two fundamental problems for physical quantities (such as the S-matrix) in a theory with broken BRST-antiBRST symmetry, namely, gauge dependence and unitarity failure. For this reason, let us study the suggested construction of a gauge theory with broken BRST-antiBRST symmetry as concerns the dependence of the functional Z M,F (J) on a choice of the gauge condition.
Let us first obtain the Ward identities for a gauge theory with broken BRST-antiBRST symmetry. To this end, we make in (4.1) a field-dependent BRST-antiBRST transformation (2.1) and use the relations (3.4) and (2.14) to obtain a modified Ward (Slavnov-Taylor for Z M,F (J)) identity:
where account has been taken of the fact that if in some reference frame with a gauge Boson F (φ) the broken BRSTantiBRST symmetry term has the form M F = M then in a different reference frame determined by a gauge Boson (F + ∆F )(φ) it should be calculated as
Here, the symbol " O M,F,J " for a quantity O = O(Γ) stands for a source-dependent average expectation value corresponding to a gauge-fixing F (φ) with respect to Z M,F (J):
Owing to the presence of λ a (Λ), and therefore also of Λ(Γ), the modified Ward identity depends on a choice of the gauge Boson F (φ) for non-vanishing J A . For constant λ a , the identity (4.3) decomposes in powers of λ a and assumes the form of two independent and one dependent (at λ 2 ) identities:
The identities (4.3), (4.6), (4.7) are different from the Ward identities for a gauge theory without BRST-antiBRST symmetry breaking terms.
With account taken of (3.5) and (4.4), the equality (4.3) implies a relation which describes the gauge dependence of Z M,F (J) for a finite change of the gauge F → F + ∆F :
From (3.12) it follows that upon the shell determined by J A = 0 a finite change of the generating functional of Green's functions with a term of broken BRST-antiBRST symmetry does not depend on the choice of the gauge condition with respect to a finite change of the gauge, F → F + ∆F . The same statement takes place for the physical S-matrix, due to the equivalence theorem [41] .
Notice that the gauge independence of the functional Z M,F (J) can be achieved by considering the broken BRSTantiBRST symmetry term M as a composite field, M → L · M , with an additional external bosonic source L to M , however, achieved in a way which takes into account the fact that M is not the same in different gauges, F and F + ∆F , which means that M F +∆F = M F + ∆M F (∆F ). The constancy of M , M F +∆F = M F , at least for infinitesimal ∆F has been used in [32] 
on the mass shell determined in a larger space of sources (see (39) , (40) (18), (23) in [38] ) is realized on the mass shell J = 0 determined only by the usual sources J for arbitrary L.
Conclusion
In the present work, we have proved the correctness (announced in [3] ) of the Jacobian (2.14) for a change of variables in the partition function related to finite field-dependent BRST-antiBRST transformations 6 (2.1) being polynomial in powers of an Sp(2)-doublet of Grassmann-odd functionally-dependent parameters λ a = Λ ← − U a , generated by a finite even-valued functional Λ(φ, π, λ) and nilpotent Grassmann-odd operators ← − U a in (2.5), being the restriction of the generators s a of BRST-antiBRST transformations to the subspace (φ A , π Ab , λ A ). Based on the representation (2.14), we justify the compensation equation for the parameters λ a and find its solution (3.4), (3.5), which implies that for any finite change of the gauge condition F → F + ∆F there exists a unique Sp(2)-doublet λ a (∆F ) that ensures the gauge independence of the vacuum functionals, Z F = Z F +∆F . Conversely, any change of variables in the vacuum functional Z F given by a finite field-dependent BRST-antiBRST transformation with functionally-dependent parameters λ a = Λ ← − U a is related to a finite change of the gauge condition, F → F + ∆F , with ∆F (Γ|Λ) given by the solution (3.8) of the inverse problem for the compensation equation (3.7), so that the vacuum functional Z F is gauge-independent. This follows from the fact that the Jacobian of such a change of variables and the change of the gauge are BRST-antiBRST-exact quantities. In the case of functionally-independent odd-valued parameters λ a , finite BRST-antiBRST transformations generate in the corresponding Jacobian some BRST-antiBRST-non-exact terms, which may not correspond to a change of gauge-fixing in the quantum action. This problem is studied in our forthcoming work [20] . Note that finite field-dependent BRST transformations do not imply such a possibility. On the basis of the established representation for the Jacobian (2.14), we justify the modified Ward identity depending on the functionals λ a (∆F ) in (3.9) and examine the problem of gauge-dependence for the generating functional of Green's functions Z F (J) in (3.12). As usual, albeit in the case of a finite change of the gauge Boson ∆F (Γ|Λ), the functional Z F (J) does not depend on a choice of the gauge on its the extremals given by J A = 0, which is a basis for the study of gauge-dependence for the effective action.
We have examined in more detail the properties of gauge theories with a closed algebra of rank 1, including the Yang-Mills type of theories, on a basis of the above results for a general gauge theory, and obtained a modified Ward identity depending on the functional λ a (∆F ) being restricted to the field variables
in (3.20) . In addition, we have described (3.22) gauge-dependence in these theories. We have introduced the concept of BRST-antiBRST symmetry breaking in the Sp(2)-covariant Lagrangian quantization and obtained the modified Ward identity (4.3) for the generating functional Z M,F (J) of Green's functions with broken BRST-antiBRST symmetry. We have also studied gauge dependence on the basis of finite field-dependent BRST-antiBRST transformations. We have demonstrated that a non-renormalized functional Z M,F (J) does not depend on a choice of the gauge on the extremals given by J A = 0 in (4.8), thus providing (leaving aside the unitarity problem) a consistent approach to introducing into a gauge theory of terms with broken BRST-antiBRST symmetry, which has been applied in [1] to determine, in a consistent pertubative way, the Gribov-Zwanziger horizon functional, obtained non-pertubatively in [11] , by using any other gauge beyond the Landau gauge, which may be compared with other non-pertubative approaches [39, 40] to the Gribov-Zwanziger horizon functional in various gauges. We have revised, as compared to the study of [26, 30, 31] , the problem of BRST symmetry breaking in the BV quantization and obtained the modified Ward identity (A.12) for the generating functional of Green's functions with broken BRST symmetry Z M,ψ (J) without introducing a soft BRST symmetry condition for the BRST non-invariant term M . We have also investigated gauge dependence by using the recently proposed finite field-dependent BRST-BV transformations [27] . We have established that the non-renormalized functional Z M,ψ (J) does not depend on a choice of the gauge determined by a Fermionic functional ψ(φ) on the extremals given by J A = 0 in (A.14), thus justifying, in addition to [26] , the consistency of introduction into a gauge theory of terms with broken BRST symmetry in the framework of the BV quantization.
We have also introduced the concept of effective average action within functional renormalization group approach in Yang-Mills theories as an application of the general construction of BRST-antiBRST symmetry breaking in the Sp(2)-covariant Lagrangian quantization by specifying the broken BRST-antiBRST symmetry term. To this end, we have introduced a regulator action (B.7) and determined the generating functionals of Green's functions, including the effective average action. For these functionals, we have obtained the usual and modified (depending on the fielddependent odd-valued parameters λ a ) Ward identities with BRST-antiBRST symmetry breaking terms. We have established that the non-renormalized functionals Z F ;k (J), Z F ;k (J, φ * ,φ) do not depend on a choice of the gauge determined by the functional F (φ) on the extremals given by J A = 0 and on the hypersurface φ * Aa = 0 in (B.29), thus providing a gauge-independent S-matrix for any value of the external momentum-shell parameter, k. We have proposed the form of the regulator action in any gauge (B.33)-(B.37) from the F ξ -family (B.31) of gauges corresponding to the standard R ξ -gauges.
Notice that similar problems have been discussed independently in [43] . As compared to our present work, the study of [43] deals with a calculation of the Jacobian for a change of variables given by BRST-antiBRST (BRST-BV by the terminology of [43] ) transformations with functionally-independent field-dependent odd-valued parameters λ a (Γ), subsequently used to formulate a compensation equation, similar to (3.2), but having a 2 × 2 matrix form, which satisfies the condition of resolvability only for functionally-dependent parameters, λ a = Λ(Γ|∆F ) ← − U a , whose form was first announced in our work [1] .
In conclusion, note that among the interesting problems left outside the scope of the present work, besides the evaluation of Jacobians for arbitrary finite field-dependent BRST-antiBRST transformations, one may turn to the study of the group properties of finite field-dependent BRST-antiBRST transformations.
where φ A , φ * A , λ A , ψ(φ) are the respective fields, antifields, Lagrangian multipliers, 7 ε(φ * A ) = ε(λ A ) = ε A + 1, and the gauge Fermion, which introduces the gauge into the path integral. The quantum action S is subject to a master equation in terms of the antibracket (•, •) ≡ (•, •) 1 and the nilpotent Laplacian ∆ ≡ ∆ 1 given by (2.8) with a = 1:
For vanishing external sources J A , the integrand in (A.1) or (A.2) is invariant under the finite BRST-BV transformations with a constant Fermionic parameter µ (µ 2 = 0),
whereas the transformation of the vacuum functional Z ψ with respect to (φ
related to finite field-dependent BRST-BV transformations [27] with an arbitrary functional µ = µ(φ, λ) is in one-toone correspondence with a finite change ψ → ψ + ψ ′ of the gauge Fermion,
which justifies the gauge-independence of the vacuum functional, Z ψ = Z ψ+ψ ′ . The relation (A.5) is given by a solution of the so-called compensation equation (implied by the condition Z ψ = Z ψ+ψ ′ ) for an unknown functional ψ ′ , which can be easily obtained from the Jacobian J = Sdet
the change of variables [27] 
Considering µ(φ, λ) as an unknown parameter of the field-dependent BRST-BV transformation (A.4), which realizes Z ψ = Z ψ+ψ ′ for a given finite change of the gauge ψ ′ , a solution of (A.6) with accuracy up to ← − U -exact terms reads
with a function g(y) given by (3.4).
Let us now consider a BRST non-invariant Bosonic functional
which may, or may not, be subject to the so-called condition of soft BRST symmetry breaking [30, 31] 8) and is assumed to be such that the path integrals Z M ψ ,ψ (J) and
with the action
be well-defined in perturbation theory. In this case, we will speak of a gauge theory with BRST symmetry breaking and refer to Z M ψ ,ψ (J) in (A.9) as the generating functional of Green's functions with BRST symmetry breaking. It is obvious that the integrand in (A.9) for J = 0 is not BRST invariant. However, the gauge independence of the vacuum functional Z M ψ ,ψ (0) can be restored if we suppose that within the reference frame given by the gauge Fermion ψ + ψ
In this Appendix, we use the standard notation [28] for Lagrangian multipliers, which differs from the auxiliary fields λ A of the opposite Grassmann parity in the basic part of the work.
the BRST symmetry breaking term should have a BRST transformed representation, with µ(ψ ′ ) = µ(φ, λ|ψ ′ ) being a solution (A.7) of the compensation equation (A.6), namely,
Indeed, a modified Ward identity for Z M ψ ,ψ (J) is easily obtained by making in (A.9) a field-dependent BRST transformation (A.4) and using the relations (A.7) and the expression (A.6) for the Jacobian:
where the symbol " O M,ψ,J " for a quantity O stands for a source-dependent average expectation value with respect to Z M,ψ (J), corresponding to the gauge-fixing ψ. Notice that (A.12) differs from the Ward identity for a gauge theory without BRST symmetry breaking and takes the form, with a constant µ,
which is identical, after introducing external antifields φ * A , to the Ward identity for Z M ψ ,ψ (J, φ * ) in [26, 30] .
The Ward identity (A.12), with allowance made for (A.7) and (A.11), implies an equation which describes the gauge dependence of Z M,ψ (J) for a finite change of the gauge ψ → ψ + ψ ′ , namely,
As in the case of BRST-antiBRST symmetry (3.12), the relation (A.14) allows one to state, due to the standard arguments of the equivalence theorem [41] , that upon the shell determined by J A = 0 a finite change of the generating functional of Green's functions with a broken BRST symmetry term does not depend on a choice of the gauge condition with respect to a finite change of the gauge (ψ → ψ + ψ ′ ). Note, first of all, that this result is in complete agreement with the result of [26] when the total configuration space is determined only by the fields φ A without introducing the internal antifields φ * A and Lagrangian multipliers λ A . Second, the same statement can be made for the physical S-matrix. We hope that in the case of a renormalized theory the above property is preserved by a renormalized functional Z M,ψ;R (J) and intend to study this problem in a forthcoming work.
B Effective Average Action in Yang-Mills theories
Here, we apply the concept of BRST-antiBRST symmetry breaking to the effective average action in Yang-Mills theories within the functional renormalization group approach (for a review and references, see [37] ) to the BRSTantiBRST Lagrangian quantization of Yang-Mills theories.
In this case, the generating functional (2.6), with S being a solution of (2.7), is reduced by integration over (φ * a ,φ, π a , λ) to Z F (J) in (3.13), with the BRST-antiBRST quantum action S F (φ) in (3.14) invariant under the finite (3.17) . We consider the generating functional of Green's functions extended by external antifields φ * a , φ and written without the tilde symbol as
BRST-antiBRST transformations φ
for Z F (J, 0, 0) = Z F (J). The generating functional of vertex Green's functions (effective action) Γ F (φ, φ * ,φ) is determined in the BRST-antiBRST quantization [4, 5] by a Legendre transformation of ( /i) ln Z F (J, φ * ,φ) with respect to the sources J A :
with J A expressed in terms of the average fields φ A from J = −δΓ F /δφ. Note that the non-renormalized quantitiy Γ F = Γ F (φ, φ * ,φ) satisfies the usual Ward identities in terms of the extended antibracket:
rewritten, by means of (B.2), from the Ward identities for Z F (J, φ * ,φ): 
The 
We now extend the functional renormalization group (FRG) construction, earlier applied only in the Lagrangian BRST quantization, to the case of BRST-antiBRST quantization. In doing so, we introduce, instead of Γ F , the so-called average effective action Γ F ;k with an external momentum-shell parameter, k, smoothly related to Γ F ,
in such a way that the action S F (φ, φ * ,φ) [for the vanishing antifields, being the action S F (φ)] in Yang-Mills theories should be extended by BRST-antiBRST symmetry breaking terms, M F (φ), having the form of a regulator action, S k = S F ;k , being quadratic in the fields A i = A mµ (x) and the Sp(2)-doublet of ghost-antighost fields we have specified the condensed notations, so that the regulator quantities (R F ;k ), (R F :k,gh ) in the reference frame with a gauge Boson F have no dependence on the fields, as well as satisfy the properties (R F ;k ) ij = (−1)
εαε β (R F ;k,gh ) βα and vanish as the parameter k tends to zero.
By definition, the regulator action S F ;k is not BRST-antiBRST invariant: 
We define extended generating functionals Z F ;k (J) of Green's functions coinciding for k → 0 with the respective Z F (J, φ * ,φ) and Z F (J) in (B.1), according to (4.1),
(B.12)
Before taking the limit k → 0, the integrand in (B.12) for J = 0 is not BRST-antiBRST invariant due to (B.8)-(B.10), whereas in the limit k → 0 the functionals Z F ;k take values coinciding with the usual generating functionals Z F . The average effective action Γ F ;k = Γ F ;k (φ, φ * ,φ), being the generating functional of vertex functions in the presence of regulators, is introduced according to the rule described by (B.2), namely,
with the obvious consequences J = −δΓ F ;k /δφ, for the Legendre transformation (B.13).
The average effective action satisfies the functional integro-differential equation determining the loop expansion Γ F ;k = n≥0 n Γ nF ;k . Thus, the tree-level (zero-loop) and one-loop approximations of (B.14) correspond to
For the vanishing antifields φ * a ,φ, (B.14)-(B.16) imply the equation, as well as the zero-and one-loop approximations, for the usual average effective action Γ F ;k (φ) = Γ F ;k (φ, φ * ,φ)| φ * =φ=0 in the BRST-antiBRST quantization.
Concerning the regulator functions, we suppose that they model the non-perturbative contributions to the selfenergy part of Feynman diagrams, so that the dependence on the parameter k enables one to extract some additional information about the scale dependence of the theory beyond the loop expansion [36] .
The modified Ward identity, or the Slavnov-Taylor identities, for the functionals Z F ;k (J) and Γ F ;k (φ) are readily obtained from the general result (4.3) and have the form, for Z F ;k (J),
with the source-dependent average expectation value corresponding to the gauge-fixing F (φ) with respect to Z F ;k (J):
In (B.17), we have taken account of the fact that if in some reference frame with a gauge Boson F (φ) the regulator action has the form S F ;k then in a different reference frame determined by a gauge Boson (F + ∆F )(φ) it should be calculated in accordance with (4.4) and (B.8)-(B.10) as follows:
For constant λ a , the identity (B.17) decomposes in powers of λ a and assumes the form of two independent and one dependent (at λ 2 ) identities identical to (4.6), (4.7), where the substitution
has to be made. For the average effective action Γ F ;k (φ), the modified Ward identity (B.17) takes the form 20) where the operators ← − s a , ← − s 2 do not act on δΓ F ;k /δφ, and ... F ;k,φ denotes the average expectation value corresponding to a gauge-fixing F (φ) with respect to Γ F ;k (φ).
Repeating the arguments of Section 4 and using the results for the Yang-Mills theory in the gauge dependence problem (3.22) of Section 3.2, we obtain a relation which describes the gauge dependence of Z F ;k (J) for a finite change of the gauge F → F + ∆F , with account taken of (3.5) and (B.19). Specified below in (B.22) for the Yang-Mills theory [1] , the equality (B.17) implies a relation which describes the gauge dependence of Z F ;k (J) with a finite change of the gauge F → F + ∆F :
where 
where the notation for S F ;kA , λ a , Λ, A , Λ, BA is given by
(B.24)
For constant λ a , the identity (B.23) decomposes in powers of λ a and takes the form of two independent (at λ a ) Ward identities: q a Z F ;k,J = 0 for q a = J A + S For the extended average effective action Γ F ;k (φ, φ * ,φ) in (B.13), the modified Ward identity depending on the oddvalued functionally-dependent functionals λ a = Λ ← − s a can be derived from (B.23) in a way similar to the trick in [30, 26] From (B.29) it follows that upon the shell determined by J A = 0 on the hypersurface φ * Aa = 0 a finite change of the extended generating functional with a BRST-antiBRST not-invariant regulator action S k does not depend on a choice of the gauge condition with respect to a finite change of the gauge, F → F + ∆F , for any value of the external momentum-shell parameter k.
The consistency of the FRG method, based on the introduction of (B.8), means that the values Γ F ;k , Γ F +∆F ;k of the effective average actions calculated in two different gauges determined by χ a and χ a + ∆χ a (see [1, 4] for details), corresponding to the gauge functionals F and F + ∆F , should coincide with each other on the mass shell of vanishing antifields φ * Aa for any value of the parameter k, i.e., along the FRG trajectory, but not only at its boundary points. For completeness, the form of the FRG flow equation for Γ F ;k that describes the FRG trajectory (formally identical with the one in [35] ), with allowance for the notation ∂ t = k and has the same form for the φ * Aa -andφ A -independent part of Γ F ;k , due to the parametric dependence on φ * Aa ,φ A for all the terms in (B.30).
Let us consider a specific choice of the initial Bosonic gauge functional F = F ξ from the F ξ -family of gauge-fixing functionals F ξ = F ξ (A, C), corresponding to the R ξ -like gauge introduced [1] in the BRST-antiBRST Lagrangian quantization where allowance has been made for ∆F = ∆F ξ , [35] for BRST symmetry), i.e., on the gauge-dependence of the average effective action, and therefore also on the consistency of its introduction in Lagrangian quantization for any value of the parameter k. Indeed, the explicit gauge dependence of the vacuum functional Z k,χ and of the average effective action Γ k on their extremals in [35] was shown respectively by Eqs. (4.12) and (5.9) therein. At the same time, the gauge independence of the average effective action in [35] was achieved on the mass-shell determined in a larger space of fields (see Eqs. (6.31), (6.32) therein) with the subsidiary conditions L = 0, by consideration of the regulators S k as composite fields (S k → LS k ), however, without taking into account the change of the regulators S k under the change of the gauge condition in Eqs. (6.22) , (6.27) , (6.30) , (6.31) . In this respect, note that the consideration of the regulators as composite fields, following the approach [38] (see the remarks at the end of Sect. 4), allows one to provide the gauge independence of Γ k on the mass shell given by the usual average fields φ A alone.
